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The neural network trial function method of Legaris et al. (Arti¯cial neural networks for solving

ordinary and partial di®erential equations, IEEE Trans. Neural Netw. 9(5) (1998) 987–1000)
requires the speci¯cation of a boundary function that matches the boundary values and is ¯nite
in the solution domain. We develop a recursive formula for generating a boundary function for

up to second-order partial di®erential equations with Dirichlet boundary conditions in a ¯nite

hyper-box domain and with an arbitrary number of dimensions.

Keywords : Di®erential equations; partial di®erential equations; neural networks; boundary

value; trial function.

1. Introduction

Various neural network-based methods for solving Ordinary Di®erential Equations

(ODEs) and Partial Di®erential Equations (PDEs) have been developed1,2 as an

alternative to traditional numerical methods, such as ¯nite di®erence and ¯nite

element methods.

The trial function method3 uses a trial function,  t, of the following form:

 tðx; µÞ ¼ AðxÞ þ P ðxÞNðx; µÞ; ð1Þ
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where x is a vector of inputs (e.g., t, x, y, z, . . .) to the neural network and µ is a vector

of neural network parameters, AðxÞ is a boundary function, P ðxÞ is a network co-

e±cient function, and Nðx; µÞ is the output of the neural network.

The trial function will satisfy the boundary conditions if, when x is a boundary

point, (a) AðxÞ matches the boundary values and (b) P ðxÞ is zero. AðxÞ and P ðxÞ
may have arbitrary ¯nite values within the boundaries.

Prior works have used ad hoc trial functions to ¯nd the numerical solution of

ODEs or PDEs with restricted dimensionality and/or di®erential equation order.

For ODEs, the authors of Ref. 4 developed boundary functions for ODEs of up

to fourth order with Cauchy boundary conditions. Reference 5 used adaptive

sampling with the trial function method to solve second-order ODEs and two-

dimensional PDEs. The authors of Ref. 6 used trial functions to examine sixth-

order ODEs with boundary conditions speci¯ed for 0th through second-order

derivatives.

For PDEs, the authors of Refs. 7 and 8 modi¯ed the trial function approach for

irregularly shaped boundaries with Dirichlet boundary conditions. Reference 9 used

the trial function method to solve the steady-state two-dimensional Navier–Stokes
equations with constant Dirichlet boundary conditions. The authors of Ref. 10 used

trial functions to examine the Poisson problem in two dimensions with ¯xed Dirichlet

boundary conditions. The authors of Ref. 11 examined trial functions for coupled

sets of one-dimensional thermal stress problems with dynamic Neumann boundary

conditions.

Lagari et al.12 derived a general algorithm using matching operators for the

boundary function for di®erential equations up to second order; Dirichlet, Neumann,

and Robin boundary conditions; and rectangular hyper-box boundaries. In this work,

we develop an alternative algorithm for Dirichlet boundary conditions. The ap-

proach described here produces the same boundary function as Ref. 12 but uses a

recursive formula rather than matching operators. For problems of high di-

mensionality, the recursive method may be more straightforward to implement

computationally as it does not require symbolic algebra.

2. Constructing the Boundary Function A(x)

For a one-dimensional boundary value problem for  ðxÞ with x 2 ½0; 1� and the

constants f0 and f1 the given Dirichlet boundary conditions at x ¼ 0 and x ¼ 1,

respectively, AðxÞ can be written as

A1DðxÞ ¼ F0ðxÞ þ F1ðxÞ; ð2Þ

where F0ðxÞ and F1ðxÞ must be such that A1Dð0Þ ¼ f0 and A1Dð1Þ ¼ f1. This can be

satis¯ed by choosing F0ðxÞ ¼ ð1� xÞf0 and F1ðxÞ ¼ xf1 so that

A1DðxÞ ¼ ð1� xÞf0 þ xf1: ð3Þ

E. L. Winter & R. S. Weigel
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Note that A1DðxÞ given by Eq. (3) with f0 and f1 depending on y satis¯es the

x ¼ 0 and x ¼ 1 boundary conditions:

A1Dðx; yÞ ¼ ð1� xÞf0ðyÞ þ xf1ðyÞ: ð4Þ
For a two-dimensional PDE with solution  ðx; yÞ in the domain x; y 2 ½0; 1� with

Dirichlet boundary conditions

 ð0; yÞ ¼ f0ðyÞ;  ð1; yÞ ¼ f1ðyÞ;
 ðx; 0Þ ¼ g0ðxÞ;  ðx; 1Þ ¼ g1ðxÞ;

ð5Þ

the straightforward generalization of Eq. (4),

A2Dðx; yÞ ¼ A1Dðx; yÞ þ ð1� yÞg0ðxÞ þ yg1ðxÞ;
does not satisfy the 2D boundary conditions given by Eq. (5).

However, by inspection, replacing g0ðxÞ with g0ðxÞ � ð1� xÞg0ð0Þ � xg0ð1Þ and

g1ðxÞ with g1ðxÞ � ð1� xÞg1ð0Þ � xg1ð1Þ, which gives

A2Dðx; yÞ ¼ ð1� xÞf0ðyÞ þ xf1ðyÞ þ ð1� yÞðg0ðxÞ � ð1� xÞg0ð0Þ � xg0ð1ÞÞ
þ yðg1ðxÞ � ð1� xÞg1ð0Þ � xg1ð1ÞÞ; ð6Þ

satis¯es the boundary conditions of Eq. (5):

x ¼ 0 : A2Dð0; yÞ ¼ f0ðyÞ þ ð1� yÞðg0ð0Þ � g0ð0ÞÞ þ yðg1ð0Þ � g1ð0ÞÞ ¼ f0ðyÞ;
x ¼ 1 : A2Dð1; yÞ ¼ f1ðyÞ þ ð1� yÞðg0ð1Þ � g0ð1ÞÞ þ yðg1ð1Þ � g1ð1ÞÞ ¼ f1ðyÞ;
y ¼ 0 : A2Dðx; 0Þ ¼ ð1� xÞf0ð0Þ þ xf1ð0Þ þ g0ðxÞ � ð1� xÞg0ð0Þ � xg0ð1Þ ¼ g0ðxÞ;
y ¼ 1 : A2Dðx; 1Þ ¼ ð1� xÞf0ð1Þ þ xf1ð1Þ þ g1ðxÞ � ð1� xÞg1ð0Þ � xg1ð1Þ ¼ g1ðxÞ;

where the continuity conditions

f0ð0Þ ¼ g0ð0Þ; f1ð0Þ ¼ g0ð1Þ;
f1ð1Þ ¼ g1ð1Þ; f0ð1Þ ¼ g1ð0Þ;

were used for the y ¼ 0 and y ¼ 1 boundaries. Using these conditions and Eq. (4),

Eq. (6) can be rewritten as

A2Dðx; yÞ ¼ A1Dðx; yÞ þ ð1� yÞ�g0ðxÞ � A1Dðx; 0Þ�þ y
�
g1ðxÞ �A1Dðx; 1Þ�;

where A1D given by Eq. (4) was used.

The same procedure can be used to construct the boundary function in higher

dimensions. For a three-dimensional problem, with h0ðx; yÞ and h1ðx; yÞ being the

boundary conditions at z ¼ 0 and z ¼ 1, we have

A3Dðx; y; zÞ ¼ A2Dðx; y; zÞ þ ð1� zÞ�h0ðx; yÞ � A2Dðx; y; 0Þ�þ z
�
h1ðx; yÞ

� A2Dðx; y; 1Þ�:

Written in general form, for anm-dimensional problem,Aj can be generated using

Aj�1

Recursive Formula for the Trial Function Boundary Function
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A1ðxÞ ¼ ð1� x1ÞB1ðxjx1 ¼ 0Þ þ x1B
1ðxjx1 ¼ 1Þ;

AjðxÞ ¼ Aj�1ðxÞ þ ð1� xjÞ
�
Bjðxjxj ¼ 0Þ � Aj�1ðxjxj ¼ 0Þ�

þ xj

�
Bjðxjxj ¼ 1Þ �Aj�1ðxjxj ¼ 1Þ�;

ð7Þ

where j ¼ 2; . . . ;m and the D in the superscript for A has been dropped; Bj is the

boundary function for dimension j (e.g., if m ¼ 2, with x1 ¼ x and x2 ¼ y,

B1ðxjx1 ¼ 0Þ ¼ f0ðyÞ, B1ðxjx1 ¼ 0Þ ¼ f1ðyÞ, B2ðxjx2 ¼ 0Þ ¼ g0ðxÞ, and

B2ðxjx2 ¼ 0Þ ¼ g1ðxÞ).
@ 

@t
� @ 2 

@x2
¼ 0; ð8Þ

is ¯rst-order in time, so only a Dirichlet (initial) condition is needed at t ¼ 0.

The equation is second-order in space, and thus we need Dirichlet (boundary)

conditions at x ¼ 0 and x ¼ 1. This is a two-dimensional problem, so we must

determineA1ðt;xÞ and A2ðt;xÞ. Assume the initial condition is given by f0ðxÞ and the

boundary conditions by g0ðtÞ and g1ðtÞ. By treating t as the ¯rst dimension, we compute

A1ðt;xÞ ¼ ð1� tÞf0ðxÞ ð9Þ
(the tf1ðxÞ term has been omitted) and so

A2ðt;xÞ ¼ A1ðt;xÞ þ ð1� xÞ�g0ðtÞ � A1ðt; 0Þ�þ x
�
g1ðtÞ � A1ðt; 1Þ�: ð10Þ

3. Summary

We have shown, for second-order partial di®erential equations with Dirichlet

boundary conditions, the boundary function AðxÞ in the trial function method,3

which uses a trial function,  t, of the following form:

 tðx; µÞ ¼ AðxÞ þ P ðxÞNðx; µÞ; ð11Þ
can be represented in a recursive form of Eq. (7), which is an alternative to the

method of Lagari et al.12 that requires symbolic algebra.
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